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. _^, Abstract. In this paper biharmonic maps between doubly warped product 

Z^' manifolds are studied. We show that the inclusion maps of Riemannian man- 

'~, ' ifolds B and F into the doubly warped product fBxtF can not be proper 

■^^ ' biharmonic maps. Also we analyze the conditions for the biharmonicity of 

projections fB Xi, F — > B and fBxi,F^F, respectively. Some charac- 
terizations for non-harmonic biharmonic maps are given by using product of 
harmonic maps and warping metric. Specially, in the case of / = 1, the results 
for warped product in [4] are obtained. 
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1. Introduction 



The study of biharmonic maps between Riemannian manifolds, as a generahza- 
tion of harmonic maps, was suggested by J. Eells and J. H. Sampson in [8]. The 
energy of a smooth map (p : (B^gs) —>■ {F,gp) between two Riemannian manifolds 
vQ ' is defined by E{ip) — h Jrj Idfl'^Vg^ a-nd ip is called harmonic if it's a critical point 

fT^ , of energy. From the first variation formula for the energy, the Euler-Lagrange equa- 

OO ' tion associated to the energy is given by T{ip) = where T(ip) = trace \7dip is the 

tension field of (p (see also [2, 8, 11]). 
t~^ ' The bienergy functional £'2 of a smooth map if : {B^qb) —> (f , gp) is defined by 

^^ I integrating the square norm of the tension field, E2{ip) = ^ Jjj k('/')P"gB ■ The first 

variation formula for the bienergy, derived in [12, 13] shows that the Euler-Lagrange 
equation for E2 is 

'''2{'p) = —Jip{T{ip)) = — Ar(iy9) — traceR {dip, T{ip))dip = 

where J'^ is formally the Jacobi operator of (p. Since any harmonic map is bihar- 
C^ ' monic, we are interested in non-harmonic biharmonic maps which are called proper 

biharmonic, (see also [15,16]). 

In [1] P. Baird and D. Kamissoko constructed new examples of proper biharmonic 
maps between Riemannian manifolds by firstly taking a harmonic map ip> : B ^ F 
which is automatically biharmonic and then deforming the metric conformally on 
B to render ip biharmonic, (see also [3]). In [4] the authors studied the biharmonic 
maps between warped product manifolds. In this paper biharmonicity of the iclu- 
sion i:F~>-BxbFoia Riemannian manifold F into the warped product manifold 
B Xb F and of the projection from B Xt F into the first factor are investigated. 
Also the authors gave in [4] two new classes of proper biharmonic maps by using 
product of harmonic maps and warping the metric in the domain or codomain. 
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In this paper, we analyze the behaviour of the biharnionic equation by taking into 
account to doubly warped products. Warped products were first defined by O'Neill 
and Bishop in 1969, see [6]. By using this concept they constructed Riemannian 
manifolds with negative sectional curvature. Also in [14] O'Neill gave the curvature 
formulas of warped products in the terms of curvatures of components of warped 
products and studied Robertson- Walker, static, Schwarzchild and Kruskal space- 
times as warped products. In general doubly warped products can be considered as 
a generalization of singly warped products or simply warped products. A doubly 
warped product manifold is a product manifold B x F of two Riemannian manifolds 
{B^gs) and (F,gp) endowed with the metric g = Pgs © b^gp where b : B ^ 
(0, oo) and f : F ^ {0, oo) arc smooth functions. The canonical leaves {xq} x F 
and B x {j/o} of Si doubly warped product manifold fB Xf, F are totally umbilic 
submanifolds, which intersect perpendicularly [17], (see also [7, 10, 18, 19]). When 
f ~ I, iB Xf, F becomes a warped product manifold and in this case the leaves 
B X {yo} are totally geodesic. 

This article organized as follow. 

In the first and second sections we give some basic definitions on biharnionic maps 
and doubly warped product manifolds, respectively. In the case of warped products 
since B x {yg} is totally geodesic so biharmonic, the authors in [4] investigated only 
the biharmonicity of the inclusion of the Riemannian manifold F into the warped 
product B XbF. In section 3, by considering the situation of doubly warped product 
as a generalization of warped products, we analyze the conditions for both of the 
leaves {xq} x F and B x {ya} to be biharmonic as a submanifold and we show 
that both of the leaves {xq} x F and B x {yo} can not be proper biharmonic as 
a submanifold of the doubly warped product manifold fB Xf, F. The product of 
two harmonic maps is clearly harmonic. If the metric in the domain or codomain 
is deformed conformally, then the harmonicity is lost. Then it's possible to define 
proper biharmonic maps using products of two harmonic maps. In the next section 
we find some results on product maps to be proper biharmonic. 

2. Biharmonic maps between Riemannian manifolds 

Let {B,gB) and (F,gp) be Riemann manifolds and ip : {B,gB) -^ {F^gp) be a 
smooth map. The tension field of Lp is given by 

(2.1) 'T'i'f) ~ trace\7d(p, 

where \7d(p is the second fundamental form of ip. 

Biharmonic maps p : {B,gB) ~> {F,gp) between Riemannian manifolds are 
critical points of the bienergy functional 

(2.2) E2ip) = ^l^\Tip)\\,, 

for any compact domain D C B. Biharmonic maps are a natural generalization 
of the well-known harmonic maps, the extremal points of the energy functional 
defined by 

(2.3) E{p)^^ljdp^\\,. 

The Euler-Lagrange equation for the energy is t{p) = 0. 
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The first variation formula oi E2{ip) is 

(2.4) —E2{iPt)\t=o = - J <MT{^)),w>Vg^, 

where w = -^\t=o is the variational vector field of the variation {ff.} of cp. The 
Euler-Lagrange equation corresponding to E2{(p) is given by the vanishing of the 
bitension field 

(2.5) T2{(p) = -J^{t{ip)) = -AT{ip) - traceR^{dip, T{ip))d(p, 

where J*^ is the Jacobi operator of ip. Here A is the rough Laplacian on sections of 
the pull-back bundle ip^^{TF) defined by, for an orthonormal frame field {Sj}7Li 
on B, 

Av — —traceg^{\7^) v 

m 

(2.6) = -Y,{V%Vlv-^l,^^v}, venp-\TF)), 

1=1 

with V^ is representing the connection in the pull-back bundle (f^^{TF) and V 
is the Levi-Civita connection on M and R^ is the curvature operator 

(2.7) R^'iX, Y)Z = VjVyZ - Vy Vx^ - Vpf.y]^. 

Clearly any harmonic map is biharmonic. We call the non-harmonic biharmonic 
maps proper biharmonic maps . 

3. Doubly warped product manifolds 

Let {B^gs) and {F,gp) be Riemannian manifolds of dimensions m and n, re- 
spectively and \ei h : B ^> (0, oo) and f : F ^ (0, oo) be smooth functions. As 
a generalization of the warped product of two Riemannian manifolds, a doubly 
warped product of Riemannian manifolds {B,gB) and (F^gp) with warping func- 
tions b and / is a product manifold B x F with metric tensor 

(3.1) 9^fgB(Bb^gF, 
given by 

(3.2) g{X, Y) = (/ o afgBidTT{X),d7r{Y)) + {b o TTfgFidaiX),da{Y)), 

where X,Y £ r{T{B x F)) and tt : B x F ^ B and cr : S x F ^ F are the canon- 
ical projections. We denote the doubly warped product of Riemannian manifolds 
{B,gB) and {F.gp) by fB x^ F. If / = 1 then iB Xh F = B Xi, F becomes a 
warped product of Riemannian manifolds B and F. 

Let {B,gB) and {F,gp) be Riemannian manifolds with Levi-Civita connections 
V and V , respectively and let V and V denote the Levi-civita connections of the 
product manifold BxF and doubly warped product manifold jBXbF, respectively. 
The Levi-Civita connection of doubly warped product manifold jB Xt F is defined 

by 

^xY = v^y + ^Xi(fe2)(o,r2) + ^n(fo')(o,X2) 

+ ^X2(/2)(yi,0) + ^Y2{.n{Xr,0) 

(3.3) -lgB{X,,Y,)igrad f,0) - ^fff (^2, r2)(0, grarf b^) 
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for any X, F G r{T{B x F)), where X = (Xi,X2), Y = (^1,^2), Xi,Yi e r{TB) 
andX2,y2 e_r{TF). 

If R and i? denote the curvature tensors oi B x F and ji? Xi, F, respectively 
then we have the foUowing relation: 

R{X,Y) - R{X,Y) = 

^{m^ gradfe' - ^yi(62)gradfe2,0) - J^{0,Y^{b') gre^df)) A, (O^X^) 

-((Vf^ gradfe^ _ -Lxi(62)grad&2,0) - ^(0,Xi(fe2)grad/2)) A, (0,y2)] 

+ ^|grad62|2(o,X2)A,(0,r2)} 

+ ^{[((0,Vf:,grad/2 - ^r2(.f )grad/2) - ^(y2(.f )gradfe2,0) A, (Xi,0) 
-((0, v5,grad/2 - -Lx2(/2)grad/2) - -L(X2(/2) gradfe2,0) A, (^1,0)] 
(3.4) +^|grad/2|2(Xi,0)A3(Yi,0)}, 

where the wedge product X AgY denotes the linear map Z -^ g(Y, Z)X — g{X, Z)Y 
for all X, r, Z G T{T{B x F)) . 



4. BiHARMONICITY OF THE INCLUSION MAPS 

Let {fB Xf) F,g) be a doubly warped product manifold. For j/o G F, let us 
consider the inclusion map of B 



Vo 



{B,gB) ^ {fBxt,F,g) 



X -^ [x, yo) 
at the point j/o level in fB Xi, F and for xq <E B let 

ixo-{F,gF) -^ {fBxbF,g) 

y -^ {xn,y) 

be the inclusion map of F at the point xq level in fB Xi,F. In this section we obtain 
some non-existence results for the biharmonicity of inclusion maps iy^ of B and i^^ 
of F. 

Theorem 4.1. The bitension field of the inclusion map iy^ : {B,gB) -^ (jB XbF, g) 
is given by 

T2{iyo) = {-^Igrad f\'^{gradb'^,0) 

2 

+ -/^{\nb){Q,grad f) + —{Q,grad{\grad ,f\^)}\,^^. 
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Proof. Let {Bj}"Li be an orthonorinal frame on (B^gs)- By using the equation 
(2.1) we obtain the tension field of iy„ 

T{iy„) = tracCggVdiy^ 

m 

= 5]{Vb, dty„ {Bj) - dly, (V| Bj)} 

m 



m 



-{0,gradr)\ 



■vo 



Here it's obvious from the expression of the tension field of iy„ that iy^ is harmonic 
if and only if {grad P)\iyg =0. 

Now to get the bitension field of iy„ : {B, gs) -^ [jB XhF, g), firstly let us compute 
the rough Laplacian of the tension field of T(iyg). We have 

Vs,r(^^J = -!^\/s^{0,gradf)\i^^ 

1 , . .0,0. „ „. 1 



-mi — \gradf\HB,,0) + ^iB„0){b^)iO,gradf))\ 



Then 



'^ ' 1 ' ■ f2|2/v7-B 



Vb,.Vb,t(*,J - --{ — \grad ,n\V%^B,,0) 

^ iB,,0)ib')\grad f\'iB,,0) 



262/^ J' 

(4.1) 'lij^lgrad n + y,{{B,Mh^)?mgrad f))}\. 

Also 

(4.2) -5(Vi^i?„0)(&2)(0,ffrad/2))|,„„ 
From the equations (4.1) and (4.2) the rough Laplacian of T{iy^) is 

-Ar{^y„) ^ !^J2{- (B„0){b^)\grad f\\B„0) 

+ {:^\9radf\^-:^m,0){b^)f 



1 

62' 



(4.3) +-{V%B,,0){b'))(0,grad f)}^^ 
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On the other hand by using (3.4) it can be seen that 

m 

tracegji{diy„,T{iy„))diy„ = {^ ^{"^ B , B j) {b^ ) {O , gvad f) 

,2 



-—\gradfriO,9radn 

m w 

-^Y.BAl^,B,{b'')m9rad f) 



^Y.i{B,,Q){h^)\grad f\\B,M 



m 

-^T.(((Bj,OmnO,gradf)) 



— ^(O^'^srad pgrad f) 
+ ^\gradf\\gradb',0)} 



Subtracting the last equation from (4.3) we obtain the bitension field of the iy^ : 
iB,gB)^ifBxbF,g) 



2 

T2{ivo) = {--^Igrad f\'^{gradb'^,0) 



™ 1 2 

(4.4) +!^J2(B,{ B,{b')){0,grad f) + 'I^{Q,grad{\grad f]^)] 






i-vo ' 



where {Bj^^L^ is an orthonormal frame on (B,gi,). 

We can assume the normal coordinates about the arbitrary point of (B,gi,) 
Therefore the equation (4.4) has the form 



9 

m 



T2{iyo) = {-^\grad f\'^{gradb'^,0) 



2 
7T7 77? 

+ -A{\nb){0,grad f) + —{0,grad{\grad fm,^^. 

This completes the proof. D 

Corollary 4.1. T/ie inclusion map iy^ : {B,gB) -^ (fB XbF,g), is a proper bihar- 
monic map if and only if b is constant and j/o *s not a critical point for f^ but it is 
a critical point for \ grad /^ ^ . 

Corollary 4.2. Each and every inclusion map iy : {B,gb) —> (jB Xh F,g), y lE F, 
is a proper biharmonic map if and only if the function b is constant and grad /^ 
is a non-zero constant norm vector field. 

Notice that the constancy of b reduces the doubly warped product manifold 
fB Xh F to the warped product manifold. So we have 

Corollary 4.3. Let (jB Xh F,g) be a doubly warped product manifold with non- 
constant warping functions b and f. Then the inclusion map of the manifold {B,gB) 
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into the doubly warped product manifold {jB Xt F,g) is never a proper hiharmonic 
map. 

Remark 4.1. When f ~ I, the doubly warped product manifold fB x^ F becomes 
a warped product B Xi, F . Since the inclusion map iy^ : {B^gs) -^ (B Xi, F,g) 
of B at the level yo & F is always totally geodesic, then it 's harmonic for any 
warping function b € C°°{B). So in the case of warped product biharmonicity of the 
inclusion map iy^ : (B^gs) -^ {B XbF,g) is trivial. 

Now let us consider the iclusion map i^^ : {F,gp) -^ [j-B Xjj F,g), y -^ (xg, y), 
of {F, gp) into the doubly warped product manifold {fBxi,F,g) where xq E B. We 
have, 

Theorem 4.2. The bitension field of the inclusion map ix„ : (F, gp) -^ [fB x^F, g) 
is given by 

2 

T2(^.o) = (^{grad{\gradb'\'),{))+'^^{\nb){gradb\Q) 
-^|grad62|2(o,grad/2)}|,^^. 

Proof. Let {i^r}"=i be an orthonornial frame on (F,gf). One can easily see from 
(2.1) the tension field of ixg is 

riixo) = tracCg^Vdixo 

n 



^{V(o,F,)(0,i^,)-(0,Vf^F,)} 



r=l 

(4.5) = -|(5rarffe^0)|.,„. 

Notice now that, from (4.5), ixa is harmonic if and only if [grad b'^)\xQ = 0. In 
order to express the bitension field of ix„ , we firstly compute the rough Laplacian. 
Since 

"^F^riixo) = --Vp^{gradb'^,0)\,^^ 

= -^(V(o.F.)(g™d62,o))|,,„ 

n 1 1 

= ^^{j^{^,Fr){f^){grad b\0) + ^\grad ^^^(O, F,)}|,^^ 



then 



n 1 1 

Vp^\7p^r{txJ = -^{{^mFrKnr-^\gradb'\'){gradb^O) 

+ ^iO,Fr){f^)\gradb^\'{0,Fr) 
(4.6) +^\gradb'\'iO,V'^^Fr)}U^^. 



8 SELCEN YUKSEL PERKTA§, EROL KILig 

Moreover we get 

Vv-^F.rfeo) = -'l{j^{0,\/'^^Fr){f){gradb^O) 

(4.7) +^\gradb'f{0,\/'^^Fr)}U^^. 
Therefore from (4.6) and (4.7) 

n 

-Ar(^.„) ^ J^{- ((0,F.)(/2))2(.9radfe2^0) 

r-l ■' 

+ ^\gradP\Hgradb^,0) 

+ L^Q,V^^Fr)(f){gradb^O) 

(4.8) -^{0,Fr){f)\gradb'\'{0,Fr)}U^^. 
Next by a straightforward computation wc have 

n 

tracegfR{dix„,T{i^„))di^„ = {—^{\7p^Fr)(f)(gradb'^,0) 

Y,mFr){f)f{gradb^O) 



r=\ 

n 

n 



p4 

r=l 
,2 



n 

-|E(^'-(^^-(-^'))(5™^^''0) 

r=l ■' 

(0,F,)(/2)|5rarf62|2(o^j^^) 



862/^ 
n 

"4 



(Vf™d b2 5^ac^6^0) 



2 

(4.9) +^|5rad62|2(0,grarf/2)}|,^^. 
So from (4.8) and (4.9) the bitcnsion field of i^g is 

2 " 1 

T2(*.J = {y(grad(|gradfe2|2)^o)^|^j^^, ^^(^2))(^^^^^2^0) 

(4.10) - — |gradfe2|2(o,grad/2)}|,^^. 

Then by using the normal coordinates about the each points of the manifold 
iP,9F), we get 

2 

T2(z.J = {^{gradi\gradb'\'),0) + ^A{\nf){gradb',0) 

2 

-^|grad62|2(o,grad/2)}|,^^, 
and we conclude. D 
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Corollary 4.4. The inclusion map ixg '■ (F^gp) -^ {jB Xt, F,g) , is a proper 
biharmonic map if and only if xq is not a critical point for b^ but it is a critical 
point for \ grad6^p and the warping function f is constant. 

Corollary 4.5. Each and every inclusion map i^ : {F,gp) -^ (fB x^ F,g), a; G B, 
is a proper biharmonic map if and only if grad6^ is a non-zero constant norm 
vector field and the function f is constant. 

Notice that the constancy of / reduces the doubly warped product manifold 
fB Xh F to the warped product manifold. So we have 

Corollary 4.6. Let {fB Xt F,g) be a doubly warped product manifold with non- 
constant warping functions b and f . Then the inclusion map of the manifold {F, gp) 
into the doubly warped product manifold [fB x^ F, g) is never a proper biharmonic 
map. 

Remark 4.2. If f — 1, fB x^F becomes a warped product manifold and we obtain 
the corollaries 3.3, 3.4 and 3.5 in [4]. 



5. Product maps 

Let Ib '■ B ^ B he the identity map on B and ip : F ^ F he a, harmonic map. 
Obviuosly '$ = IbXlp: BxF^BxF is a harmonic map. Now suppose the 
product manifold B x F (either as domain or codomain) with the doubly warped 
product metric tensor g — f^gs © b^gp. In this case the product map is no longer 
harmonic. Therefore in this section we shall obtain some results for maps of product 
type to be proper biharmonic. 

Firstly let us consider the product map 



* = /ijX(^: fBxbF ^ Bx F. 

Theorem 5.1. Let (B,gB) and {F,gp) be Riemannian manifolds of dimensions m 
and n, respectively and let b : B ^ (0, oo) and f : F ^ (0, cxd) be smooth functions. 
Suppose that ip : F —>■ F is a harmonic map. Then "^ = Ib x (p : fB XbF ^ B x F 
is a proper biharmonic map if and only if b is a non-constant solution of 

1 In 

(5.1) = ^irace„ V gradlnb^ -Rice (qradlnb) ^ grad(\gradlnb\ ) 

J J ' 2 

and f is a non- constant solution of 

1 m 

(5.2) = --Mdipigradlnf)) + -grad{\d^{grad\n f)f) 

Proof. Let {Bj}"^^ and {i^r}"=i be local orthonormal frames on {B, gs) and (F, gp), 
respectively. Then {4(_Bj, 0), -^(0, F^)}™;"]^ is an local orthonormal frame on the 
doubly warped product manifold fB Xb F. In order to obtain bitension field of ^, 
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firstly wc will compute the tension field of "f. Since i-p is harmonic, 
r(l') = tracegVd^ 

■' 3 = 1 r=l 



f 



_, m 



j=i 



1 " _ _ 



52 



r=l 



2 " _ 

r— 1 

(5.3) = n(grarf In 6, 0) + m(0, rf(p(.gra(i In/)). 
By a straightforward calculation we have 

-Ar(*) = tracCgV^rC*) 

n 
r— 1 ^ 

= {—^traccg^ V'^grad In 6 + n^Vgrad in fcffrarf In 6, 0) 

(5.4) +(0, -2iraceg^V^(d(^(.gra(iln/)) + m2Vrf^(grQdin/)d¥'(gra(iln/)). 

Also by using the usual definition of curvature tensor field on B x F, one can easily 
see that 

tracegR{d'^,T{^))d^ = -^{Ricc^ {grad\iib),0) 

(5.5) + — (0, trace„,i? {dip,d(p{grad\nfj)d(p). 

b 



Finally bitension field of ^ is 
1 

1 

62 



T2(^) = n{—traceg^\7 gradlnb + —Rice (gradlnb) + —grad{\gradlnb\ ),0) 
m{0,—traceg^V {dLp{grad\n f))) 



—m{0, —rtrace„,R {dip, dip(gradln f))dip) 
(5.6) +m2(0, igrad(|#(gradln/)|2)) 

and we conclude. D 
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We shall now investigate the biharmonicity of the projection tt :/ B Xb F ^ B 
onto the first factor. By a straightforward calculation, we get t{t:) — n{grad In 6)o7f , 
and the bitension field of tt is 

''"2(7r) = -j^traceg^V gradlnb 

2 

(5.7) H — TTrRicc (gradlnb) + —--grad(\grad\nb\^). 

By using the bitension field of the projection n, the biharnionic equation of the 
product map ^ = /bX(/?: fBxbF^BxF has the expression 

(5.8) r2(*) = {T2iTr),A{dip{gradlnf)) = 0, 
where 

9 

(5.9) K{dip{grad\n f)) = — — Jip{dip{grad\nf) ^ — —grad{\dip{gradlnf)\'^). 
So we have 



Corollary 5.1. The product map "^ = Is x ip : fBxbF^BxFisa proper 
biharnionic map if and only if A{dip(gradhi f)) = and the projection n is a 
proper biharnionic map. 

li f — 1 or Lp : F -^ F is a, non-zero constant map the biharmonicity of the 
product map "^ — Ib x p : fB Xb F ^ B x F and the biharmonicity of the 
projection it-.fBxbF^B onto the first factor coincide. In the case of / = 1, we 
have the same results obtained in [4] for warped product manifolds. 

Now let us consider the product map 'i' ~ tp x Ip : fBxbF^BxFoi the 
harmonic map cp : B ^ B and the identitiy map Ip : F ^ F . 

Theorem 5.2. Let {B,gB) and {F,gp) be Riemannian manifolds of dimensions m 
and n, respectively and let b : B ^ (0, oo) and f : F ^ {0, cxd) be smooth functions. 

Suppose that p : B —^ B is a harmonic map. Then '^ = p x Ip : fB XbF ^ B x F 
is a proper biharm,onic map if and only if b is a non-constant solution of 

1 Tl 

(5.10) = —-p^Jip{dp>{gradh\b)) + —grad{\dp>{grad\nh)\^) 
and f is a non- constant solution of 

(5.11) ~ —rtracCg^'V gradlnf + —^Ricc {gradln f) -\ grad{\grad\n f\ ). 

By a similar discussion, carried out to set up the relation between the bihar- 
monicity of product map ^! = Is x p : fBxbF^BxF and the biharmonicity 
of the projection W -.f B Xb F ^ B onto the first factor, the bitension field of the 
projection a :f B Xb F ^ F onto the second factor is related to the bitension field 

of "ii = p X Ip : fB Xb F ^ B X F as follows: 

By computing the second fundamental form of the projection ct, we get t(ct) = 
m{grad\n f) o a, and the bitension field of a is 

r2(cr) = —traceg^V grad in J 

2 

(5.12) +^Ricc^{gradln f) + ^grad{\grad\nf\'^). 

0^ 2 
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Now by using the bitcnsion field of tlie projection ct, tlie biliamionic equation of 
the product map 4i ~ ip x Ip ■ fB Xb F ^ B x F is 

(5.13) T2($) = {n{dip{gradlnb),T2{a)) ^ 0, 
where 

2 

(5.14) Q{dip{gradlnb)) — —-T^Jip{d(p{gradlnb)) + —grad{\dLp{gradlnb)\'^). 

Corollary 5.2. The product map '^ = (p x Ip : fBx\jF-^BxFisa proper 
biharmonic map if and only if fl(d(p{gradl'iib)) — and the projection a is a proper 
biharmonic map. 

Note that especially ii p : B ^ B is the identity map then the bitension field of 
of the product map 'i' ^ tp x Ip : fB Xb F ^ B x F has the expression T2(^) = 

(T2(7f),T2(CT)). 

Consider now the case of the product map ^ ~ Ib x ip : B x F ^/ B XbF, that 
is the case of the product metric on the codomain is doubly warped. We will see 
that the energy density of the harmonic map p : F —>■ F has an important role for 
the biharmonicity of the product map '^ = Is x p. We have 

Theorem 5.3. Let {B,gB) and {F,gp) be Riemannian manifolds of dimensions m 
and n, respectively and let b : B ^ (0, oo) and f : F ^ (0, oo) be smooth functions. 
Suppose Ib '■ B —> B is the identity map and <p : F ^ F is a harmonic map. Then 
the product map ^!^lBXp:BxF -^ f B Xf, F is a proper biharmonic map if 
and only if 

== e{p){-traceg^V'^{gTa.db'^) - Ricc^ {grndb"^) + -^ grad(| gradfe^p)} 
m e{(p) m 2,2 ,.2 

+ ^{d^(A(/2))}grad62 

(5.15) +^#(A(ln/))grad62 

and 

= |{-J^(grad/2) + ^grad(|grad/2p)} 

e{ip) e{p) m 212 - r2 
y^{^-^}|grad62pgrad/2 

'S'^^^'''-d^(grade(^)) + $#A(&2)grad/2 



262 ^^'^ ^''^ 2/2 
(5.16) +— A(ln6)grad/2. 
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